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EHRIFBRKREHEONTFIE, ThehoMRED EREFROK
R ICROHZIBRDEWVNS, IML (Intuitionistic Modal
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MTWV3S.

R, BEREIEFEREBODHFEEOIRRZMEBT 5K 58—
N1Z{To>TVW3. TDOBIETEBLI, E55DFNICHET
BOVESBRIEBICOVWTHEHKRT S.
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D HRNERE K CEREHRRIE Int




PropVar: (RBZHEEDOES

%, = PropVarU {A,V,—, L}

Loy =Zp U {00, 0}

o TIE L — 1L DBEEE, —p & ¢ — L DEEED,
e liE (p= V)N — o) DEBEEE TS
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o Cl ZHHimMERIEL T D

o BEEETEMERE Int |X Cl HSHPFRERVWTRELSND

. *i*ﬁgﬁfi K (& ClI IZ Mg, N, Co, Dualp ZI1X TiEBN3
o CNB5DRDODIC Mg, Ng, Co, Dualy ZIIZTHELW

Mo g9 M, gy
Op — Oy Op = OY
N aT Ny -OL
Co  ([DOpAly)=0O@w@Ap) | Co e V) = (Op Vo)
Dualg Qp + ——gp Dualy Op < =0-p

(BOHEET, K RIE - Nec FRATIFH < LEEZFED)
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Kripke EIK:H

K Int H Kripke 2%z HD:
Definition
o §=(W,R) |& Kripke 7 L — L
< W#0D, RCWxW

o M= (W,R,V) & Kripke ET /)L
<= (W, R) D' Kripke 7L —Ls, V : PropVar — P(W)

KZInt TIER &V ICEHTZEEINERD, REAIGEMHHER
2Hb0HEWVS (KEH).
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K @ Kripke kiR

KTIEREZEEDOBERFRC L, VICHEICEKEERIAL.

Definition (K-Satisfaction Relation)
M= W,C,V) IZHL, H; ZATTEDS:

o 2l p &= z€V(p)
zIHG oAy = 2 IHS 0 & T IFK

z IS, Op = Yy dz(yIF; )

T II—5§T Qp <= TJydxz(y H—gn ¥)
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Int @ Kripke EMkER

Int Tl R ZEBORBH - RENBEHE < £ 75,
E10V ICUTFO&HERT:
r<z' &zeV(p) = 2 €V(p)

Definition

Ltz b0z BERERTIL—L - ETIL EERILICT S

Definition (Int-Satisfaction Relation)
BEHRERETIL M= W,<,V) IZXHL, Hf ZUTTEDS:

mll—gg{go—ﬂﬁ = V;U’Zx(:v/ll—'g'j‘{wix/ll—gj{w)

Fact (Persistency)

<z &zl = 2/ IFNE o,
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Definition (Validity)
e ME® ¢ 1= Vo e W (x I} ¢)
e FE ¢ = YV (B, V)E* ¢)
o Kripke 7L—LDIZRX € ICHLT,
V(E, %) ={p |V € €T F ¢)}

Fact (Completeness)
o K=V(EX %k). ¢k & Kripke 7L —L2EDI S X.
o Int = V(E Gy, G HEBEBT L —L2ADI S .
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Intuitionistic Modal Logic &
Constructive Modal Logic




Fusion 7 )L

K OESREZRRZEZE RV, TDETILIF Kripke ETILECEE
FHRETILD fusion &R BE35.

Definition
M= W,<,C,V) BMUATZB/T EEF Fusion ETI)L CMIER:

o (W, <,V) NEFREEETIL, T48b5 < (FHRMHD
RHFWT, 2 <2’ &z eV(p) =12 €V(p).
o (W,C,V) B Kripke €7 L.

Fusion 7L —LICDWTHEKRICED 3.

CNISH L THRERIESEZEDTIL).
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Extrinsic Satisfaction Relation (1/2)

TR I & H A EDELDDEEZ LS.
Definition (Extrinsic Satisfaction Relation)
M= (W,<,,V) & Fusion ETILETS.

o x5 o =Y = Vo' >z (2 IF5; o = 2/ IH5; ¢)
o x5, Op <= Yy Jx(ylF @)
o x5, Op = Ty Tz (yl-5; ¢)

I-e 1d@5 9" Lb persistency Z3F7cY, A& M ICT L —LEZHFZ
MATR3HENHS (CRHE). persistency & 7 L — LZHETH
I3 93D T NEBRIFTEATREM (extrinsic-) EFERC EIZT B.
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Extrinsic Satisfaction Relation (2/2)

e (489 LH persistency &=, BIE M ICT L —LEHE%

MR TRBZRVEDDHS.
¢ Y ¢ £ W
O—IVW\.,—): [ P N > :
<‘ ' < <‘ <
@-~-~- N~ .); .—f\/\/\/\.’—);
. Jy “ B g
O-p &4 O-p &M

O-p &4H O-5EL D persistency Z,
O-p =D O-FRIETN D persistency Z1RET S .
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Intrinsic Satisfaction Relation

TL—LEXHETHGITTEDTIERL, REREDOEREEZ
ZZ3_KET persistency zHE§ 27 7O0—FbHH, Nz
AEBIFTERIEEM (intrinsic-) EMERZ XIZT S.

Definition (Intrinsic Satisfaction Relation)

M= (W,<,c,V) & Fusion ETILETS.
o zlby o= = Vz' >z (2 IF; o = 2 IF)y, )
o z Iy, Op <= Vo' > zVy T2 (¢ IHy ¢)
o 7ty Op = Vo' >z T2’ (¥ IFy )

0/0 THhERFERAOEZETGERAR < 2R3 LICE2T, A
HT7L—LEHFEMZ R TH persistency DMRIEETND.
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Intrinsic vs. Extrinsic

ke & IH B ENBNZHE TR EBEADESIT —HLARL.
Definition
e i Fusion 7L —LE2EDI FR.
® Ghoxp: U-p &EE%ZHIcY Fusion 7L —L2EDI S X.
o Cuiap: O-p FF%Z T Fusion 7L —LL2EDI S R.

Proposition
V(H, %) € V(Fe, Gbox-p N Cdia-p)-
Proof.
AU T ORBADGBICETEN, TABICTENRL.
Co: Ol V) = (Op VoY) O
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Consructive Modal Logic

Wijesekera, Mendler & de Paiva 53 FERDERH S C, BIK
Z 5 L, Constructive Modal Logic (CML) Z{E>7-. fAFREY
% CML £ LT CK (SEIEMNEL) ¥ WK 733

Definition (WK)

WK = Int+MD+ND—|—CD+M<>—|—N<>—|—F51.
CCTFSL:=30(p =) = (e — O9).

®old IH ZFErTREMEE L TIRALT:.
Fact (Wijesekera 1990)
WK = V(IH, %).
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Simpson @ 6 &4

—75 Fischer Servi, Ewald, Plotkin & Stirling, Simpson 5% TE®D
BEEHER K1 ZEBVLKDT:.

Simpson 34FICESREHR—MHREERIE (iIFOL) EOXRZERL,
O ICiE VvV 7%, O 1ICIE 3 NARMEEZRD 1.

e [ & O HYMHIL (not interdefinable) THBINET, DFD
Dualg ® Dualy HEE L L THRHORI TR,

o HIPRZMA 3 L HHERD K BE5NBNE.

o IFHEIERT IFOL LU STDHBTBNET, DD
O-p < =0p & O~ = ~Op ZFEBE L THONE.

IBIC3DDEM* ZMRAT=H D% Simpson D 6 54 L IESR.

*SEIES Y ZMIBIEE THIZT O THICHN AL
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Intuitionistic Modal Logic (1/3)

Simpson (AT DEANS TWK IFEDEHRFERMR K &IFVX
AN AR ] Oy ok

e WK¥ —0p — O~ THB.
e WK ICHERREZMNZ THHHEBIRD K HMES AL,

—75 Simpson D 6 &4Z IR THALTHEL LT IK B'H3:
Definition
IK = WK + C;, + FS2.
C T FS2:=(0p — Op) = O(p = ).

IK > Z DILERIE Intuitionistic Modal Logic (IML) &MEENS.
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Intuitionistic Modal Logic (2/3)

FS2: (Op — Op) — O(p — ) BRI ~Op — O-p ICHER
RET, TNUIATDT L —LEHICHITT S.

A
: ~~~~~~~~ >0
|

< <
1
1
;—f\/\/\/\.’—).
x C Y

Definition
Creo: LB FET=F Fusion 7L —LL2EDI S X.

19/29



Intuitionistic Modal Logic (3/3)

ZLTHES I O-mER ICDUVWTIE persistency ZHE L, O-5miE
™ ICDWVWTIET L — LZEMHT persistency Z9MTIT TS, IH &
e DNA Ty FDOKSBFTERTREMZ AL,

Definition (Hybrid Satisfaction Relation)

M= (W,<,c,V) % Fusion EFILETS.

o zlHh o= = V&' >z (2 IHy o = 2/ I, ¥)
o 2l Op <= Vo' > zVy J2' (¢ IH)y )
o 2l Op <= Fy Dz (y Iy ¢)

Fact (Fischer Servi 1984, Simpson 1994)
IK = V(H—h, G N ngia—p)-
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WK IK
Fo R AT REM: I "
TJL—LDUZR 4 Gts2 N Cdiap
Co = HHL HD
Or o JR3T LEr Ry
~Op o> O-p B | TEREW | TE3
BT KIC | B5HRW B3

o BEEEDERAHN SN C, TERMIRT S =» CML
o 1ZHEEERT IFOL EXIGT D ZEHT S = IML
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SEfE

EHFEREREORAZRI LT, UTOERBAELN:
Problem

HHEREREBICENTULR L, I TIIAEAXBOHNCES.
IR V(I Gooxp N Caiap) IFEBRE 5B >TUVT,

% Simpson @ 6 &£HFZH-ZTEVDH ?

Problem

IFh @ persistency ICI& O-p FEEIFTHNUETEWVIET .
Eﬁfi V(H—h, ngia-p) el 7‘3:’31-\:\50)73\ ?

NE5DREBEFAND L, IML &H CML cHEWLDH LW eH
Dh-ot=.

22/29
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IFh & -6 DEMEIC 7R B &1

RiF O-p KEEREIE IF" & ke HEHEICERS:
Proposition

M=W,<,c,V) B Op & O-p ZHTHRSIL,
FEEDzeW,pe Ly Talth, o &= 25, ¢.

Corollary
V(|Fe> Cgbox—p N ngia—p) - V<|Fha Cgbox—p N Cgdia—p)-

£ 2T V(IF, Gpinp) DB/ ZHLEFILEEZTERLTHS,
ZOH/ ZALEFIICENREEE LT Op £HEEBEITEL
WHEZ B ICLT.
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IK D5 R FS2 ZEIXD RV TIHESNSHIE IK™ .= WK+ Cy B
WDNED V(IFN, Chiap) ISR L Z S 2D, RIEFES TIFAWLI L
DRI Balbiani et al. IC&K > TRINT:.
Definition

FIK := IK™ + wCD.
CCTwCD:=0(VY) = (Op — Oy) — Oyp).
Theorem (Balbiani et al. 2024)

FIK = V(F", Gyiap)-
Proof.
(C) 8. D) A/ ZHILETILEEZS. O
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FIK |3 IK EDE|CFFVHRIBICK D!

Proposition (Balbiani et al. 2024)
FIK C IK.

RIB wCD IZRIE FS2 Z5HTcDHDLWVZRSB.

EHICUTFHHILT B.
Proposition (Balbiani et al. 2024)
FIK ICHFRRZIZ 5 & K H'E5N 5.

Proposition (S.)
FIK ¥ ﬂotp — D—N,D.

& > T FIK [JHZFZEFRT iIFOL EXRMLABWVI EICHD.
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Balbiani 5D A/ ZAINETINOERFEZTICLT,
V(IFS, Gboxp N Cdiap) PRIBILZTEBZZEHTE.
Definition
elK™ =IK™ 4+ CD.
CCTCD:=0(VY) = (OpVvay).
Theorem (S.)
elK™ = V(H—e7 Cﬁbox_p N ngia—p)-

Proof.
ETN/ZALETLEAVT elK™ = V(' Ghoxp N Giinp) ETT .
ZLTCOp ZRBETETILCTIFN E ke B—BT B &2 ES. O
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RIB CD: O(p V) = (Op Vv DOy) IFEAS MR wCD:
O(e V) = ((Op — Oy) — ) OFR{ET, U FHTRES.
Proposition (S.)

FIK C elK—.

LHOLRIE FS2: (Op — Op) — O(p — ¢) EISEERAREE.
Proposition (S.)
elK™ CIK TH IK CelK™ THRAL.
TOMDEBEICOVTIE, it FIK EEEKICZR>TWS.
Proposition (S.)
o elK™ [CHIRRZMA B K MF5N3.
o elK™ ;¥ =0p — .
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+=A
10 off

(1/2)

WK FIK IK elK™
FERAREM IH I-h I-h I-e
JL—LDU TR 4 <gdia»p Crs2 N cgdia—p <gbox—p N cgdia—p
Cy % HicHw D D D
g o £ hv 837 837 37
Op o Omp A | FEBL | FEAL | T3 T
BERET K I | B57%RL AN B3 AN

FIK £ elK™ 13 Cp ZHDX WS EKT CML LIZEZHBL.

—7 ~0p — O-p BREY, &Ko TEREER

WDT, TEOEKT IML &EHEZAL.

ERTIFOL & L7
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&R (2/2)

e Simpson M 6 &KHD S5 MHFFREZMAT K HF5N3]1 &
MEEENERT IFOL EXIGY 51 IJMIZILIRETHS.

o CML OEKD IML OFRHFHRECTHVERIE FIK B, B &
S WK & IKORICEI > TASELSICLTHEET .

o ¥ O ZHHFMERBIBLERIC C DATHMET S &, IK
CHEEAREE: FIK DILERTH S elK™ HEHENS.
e WKCFIKCIKEZXAYRAM)—hEIEZB L, FIK 1'5
BEICEZTCBREIC elK™ BNV 3.
e elK™ HEHKIC CML DEXRH IML OFRHFHH-I AL,
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Definition

W5 C abEE V, (p € PropVar) Z#HD—PES5E %r 2EZX 5.
Y E Lo CBEHRZEH » ISR LT ST, () € ZLsr ZUTTEDS.

STe(L) = L, STa(p) = Vp(x)

ST (¢1 @ ¢2) = STa(¢1) @ ST2(¥2) (@ € {A,V,—=})
(
(

ST, (Oy) =Vy (x C y — STy (v)) (y: fresh)
ST, (0Y) =Jy (x C y AST,(¢¥)) (y: fresh)

Fact
KEy < £TOHHE Zr-BET Vo ST, () B'EH

Simpson & C N EERRAMNG%ZE IML & iFOL DRFICKR& 7.
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