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EHRIFBRKREHEONTFIE, ThehoMRED EREFROK
R ICROHZIBRDEWVNS, IML (Intuitionistic Modal
Logic) & CML (Constructive Modal Logic) £ W3 ZDDEANIZH
MTWV3S.

R, BEREIEFEREBODHFEEOIRRZMEBT 5K 58—
N1Z{To>TVW3. TDOBIETEBLI, E55DFNICHET
BOVESBRIEBICOVWTHEHKRT S.
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D HRNERE K CEREHRRIE Int




o MBRHEEDES PropVar = {p,q,...}

o THREFRIEDEFE %, = PropVarU {A,V,—, 1}

o FRIEFRIEDEEE Y = % U {0, 0}

o T I¥ L — 1 DB&EE, —¢ & ¢ — L DBEEE,
e liE (p= V)N — o) DEBEEE TS
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o Cl ZHHimMERIEL T D

o BEEETEMERE Int |X Cl HSHPFRERVWTRELSND

. *i*ﬁgﬁfi K (& ClI IZ Mg, N, Co, Dualp ZI1X TiEBN3
o CNB5DRDODIC Mg, Ng, Co, Dualy ZIIZTHELW

Mo gy M, gy
Op — Oy Op = Oy
N aT Ny -OL
Co  ([DpAyp) = 0O@Ap) | Co  OeVy) = (OpVOp)
Dualg Qp + —-gp Dualy Oy < =0

(BOHEET, K RIE - Nec FRATIFH < LEEZFED)
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Kripke EIK:H

K Int H Kripke 2%z HD:
Definition
o §=(W,R) |& Kripke 7 L — L
< W#0D, RCWxW

o M= (W,R,V) & Kripke ET /)L
<= (W, R) D' Kripke 7L —Ls, V : PropVar — P(W)

KZInt TIER &V ICEHTZEEINERD, REAIGEMHHER
2Hb0HEWVS (KEH).
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K @ Kripke kiR

KTIEREZEEDOBERFRC L, VICHEICEKEERIAL.

Definition (K-Satisfaction Relation)
M= W,C,V) IZHL, H; ZATTEDS:

o 2l p &= z€V(p)
zIHG oAy = 2 IHS 0 & T IFK

z IS, Op = Yy dz(yIF; )

T II—5§T Qp <= TJydxz(y H—gn ¥)
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Int @ Kripke EMkER

Int Tl R ZEBORBH - RENBEHE < £ 75,
E10V ICUTFO&HERT:
r<z' &zeV(p) = 2 €V(p)

Definition

Ltz b0z BERERTIL—L - ETIL EERILICT S

Definition (Int-Satisfaction Relation)
BEHRERETIL M= W,<,V) IZXHL, Hf ZUTTEDS:

mll—gg{go—ﬂﬁ = V;U’Zx(:v/ll—'g'j‘{wix/ll—gj{w)

Fact (Persistency)

<z &zl = 2/ IFNE o,
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Definition (Validity)
e ME® ¢ 1= Vo e W (x I} ¢)
e FE ¢ = YV (B, V)E* ¢)
o Kripke 7L—LDIZRX € ICHLT,
V(E, %) ={p |V € € (T F* ¢)}

Fact (Completeness)

o K=V(FX %k). ¢k |& Kripke 7L —L2EDI S X.
o Int=V(FH" o). Gt IFTEBERT L —LEMEDI T X.
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Definition

W5 C abEE V, (p € PropVar) Z#HD—PES5E %Lr 2EZX 3.
pe L & BHEZEH » I LT ST, (¢) € Ls1 ZUTTEDS.

o ST, (L) =L, STy(p) = Vp(z)

STy (1 © 2) = ST (1) © ST (Y2) (@ € {A,V,—})
ST, (O¢) = Vy (z Ty — STy(¥)) (y: fresh)
STq(

+(0¥) =3y (x T y AST,(¥)) (y: fresh)

Fact
KFEy < £TOHHE Zr-8ET Vo ST, () B'EH
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Intuitionistic Modal Logic &
Constructive Modal Logic




Fusion 7 )L

K OESREZRRZEZE RV, TDETILIF Kripke ETILECEE
FHRETILD fusion &R BE35.

Definition
M= W,<,C,V) BMUATZB/T EEF Fusion ETI)L CMIER:

o (W, <,V) NEFREEETIL, T48b5 < (FHRMHD
RHFWT, 2 <2’ &z eV(p) =12 €V(p).
o (W,C,V) B Kripke €7 L.

Fusion 7L —LICDWTHEKRICED 3.

CNISH L THRERIESEZEDTIL).
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Extrinsic Satisfaction Relation (1/2)

TR I & H A EDELDDEEZ LS.
Definition (Extrinsic Satisfaction Relation)
M= (W,<,,V) & Fusion ETILETS.

o x5 o =Y = Vo' >z (2 IF5; o = 2/ IH5; ¢)
o x5, Op <= Yy Jx(ylF @)
o x5, Op = Ty Tz (yl-5; ¢)

I-e 1d@5 9" Lb persistency Z3F7cY, A& M ICT L —LEZHFZ
MATR3HENHS (CRHE). persistency & 7 L — LZHETH
I3 93D T NEBRIFTEATREM (extrinsic-) EFERC EIZT B.
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Extrinsic Satisfaction Relation (2/2)

e (489 LH persistency &=, BIE M ICT L —LEHE%

MR TRBZRVEDDHS.
¢ C Y ¢ =
O—IVW\.,—): [ P N > :
<‘ < <‘ <
@-~-~- N~ .); .—f\/\/\/\.’—);
O-p &4 O-p &M

O-p &HH Op OFZDFEEILD persistency %z,
O-p D O DFEDFRIEIXLD persistency ZIRET S .
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Intrinsic Satisfaction Relation

TL—LEXHETHGITTEDTIERL, REREDOEREEZ
ZZ3_KET persistency zHE§ 27 7O0—FbHH, Nz
AEBIFTERIEEM (intrinsic-) EMERZ XIZT S.

Definition (Intrinsic Satisfaction Relation)

M= (W,<,c,V) & Fusion ETILETS.
o zlby o= = Vz' >z (2 IF; o = 2 IF)y, )
o z Iy, Op <= Vo' > zVy T2 (¢ IHy ¢)
o 7ty Op = Vo' >z T2’ (¥ IFy )

0/0 THESRERMDEERERFR < 2R3 CICL2T,
AHT7L—LEZHEZMR %< TH persistency HMRIEIND.
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Intrinsic vs. Extrinsic

ke & IH A ENBNZHE TR EBEADESIT —HLARL.
Definition
e i Fusion 7L —LE2EDI FR.
® Ghoxp: U-p FMEZHICY Fusion 7L —LEEDI S X.
o Cuiap: O-p FF%Z T Fusion 7L —LLEDI S X.

Fact
V(H—i, ¢r) C V(IFe, Ghox-p N %dia_p)_
BIZIEIUATOREBADNALICE EN, TADICTENLGL:

o Co:0(pVY) = (OpVOY)
e ——JL — 0L (Das and Marin 2023)
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Consructive Modal Logic

Wijesekera, Mendler & de Paiva 53R FERDEH=H S C, BIK
&I L, Constructive Modal Logic (CML) Z{E>7c.
ARERN CML £ LT CK (SEIFENERWL) »©° WK h'dHS:

Definition (WK)

WK = |nt+MD+ND+CD+MQ+NQ+F51.
CCTFSL=90(p = ¢) = (Op — Oy).

®old IH ZFErTREMEE L TIRA L.
Fact (Wijesekera 1990)
WK = V(IF, %).
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Simpson @ 6 &4

—75 Fischer Servi, Ewald, Plotkin & Stirling, Simpson 5 (&
TEDEHERR K1 CWIE3HDEEVRDT.

Simpson 34FICESREHR—MHREERIE (iIFOL) EOXRZERL,
O ICiE VvV 7%, O 1ICIE 3 NARMEEZRD 1.

e [ & O HYMHIL (not interdefinable) THBINET, DFD
Dualg ® Dualy HEE L L THRHORI TR,

o HIPRZMA 3 L HHERD K BE5NBNE.

o IFHEIERT IFOL LU STDHBTBNET, DD
O-p < =0p & O~ = ~Op ZFEBE L THONE.

IBIC3DDEM* ZMRAT=H D% Simpson D 6 54 L IESR.

*SEIES Y ZMIBIEE THIZT O THICHN AL
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Intuitionistic Modal Logic (1/3)

Simpson (AT DEANS TWK IFEDEHRFERMR K &IFVX
AN AR ] Oy ok

e WK¥ —0p — O~ THB.
e WK ICHERREZMNZ THHHEBIRD K HMES AL,

—75 Simpson D 6 &4Z IR THALTHEL LT IK B'H3:
Definition
IK = WK + C;, + FS2.
C T FS2:=(0p — Op) = O(p = ).

IK > Z DILERIE Intuitionistic Modal Logic (IML) &MEENS.
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Intuitionistic Modal Logic (2/3)

FS2: (Op — Op) — O(p — ) BRI ~Op — O-p ICHER
RET, TNUIATDT L —LEHICHITT S.

A
: ~~~~~~~~ >0
|

< <
1
1
;—f\/\/\/\.’—).
x C Y

Definition
Creo: LB FET=F Fusion 7L —LL2EDI S X.
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Intuitionistic Modal Logic (3/3)

ZLTHESIE O ICDWTIE persistency ZRE L »

O ICDWVWTIE T L — LM T persistency ZATITT 3,
H ke DNLT )y RDLSBIERBAEMEZBUL.
Definition (Hybrid Satisfaction Relation)

M= (W,<,c,V) % Fusion EFILETS.

o zlHh o= = V&' >z (2 IHy o = 2/ I, ¥)
o 2l Op <= Vo' > zVy J2' (¢ IH)y )
o 2l Op <= Fy Dz (y Iy ¢)

Fact (Fischer Servi 1984, Simpson 1994)
IK = V(H—h, G N ngia—p)-
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WK IK

FRAREM I "
JL—LDUFR i Gts2 N Cdlia-p

Cy = Bz o

O« o JR37 v hva

O — O At | "ERWV Ny CRs)
BERET K (C ANSYA A AN

o BETEDEAHLSNIE C, #EEMET S = CML
o IZFHEFERT IFOL EXIGT B Z2EHT S = IML
e MEBDERIFMEILL AW

o —fZIC IML I& CML DILERICRD (e.g. WK C IK)
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SEfE

EHFEREREORAZRI LT, UTOERBAELN:
Problem

HHEREREBICENTULR L, I TIIAEAXBOHNCES.
IR V(I Gooxp N Caiap) IFEBRE 5B >TUVT,

AHI|Z Simpson D 6 FHZH/I-TRVDH ?

Problem

IFh @ persistency ICI& O-p FEEIFTHNUETEWVIET .
Eﬁii V(H—h, ngia-p) ti%[‘%—f&:‘B 73:’31\:‘50)73\ ?

NE5DREBEFAND L, IML &H CML cHEWLDH LW eH
Dh-ot=.
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IML TH CML THARUVEHIE




IFh & -6 DEMEIC 7R B &1

i Op ZEZHTETILTIE " & - D EMEIZ%E S:

Proposition
M=W,<,c,V) B Op & O-p ZHETERSIL,
FED zeW, p € Lo T“xll—gﬁap — z k5 0.

Corollary
V(”_e7 CKbox-p N CKdia-p) - V(H_h; Cgbox-p N ngia-p)-

EoTEY V(F", Cuinp) ZRELL, B/ ZHLEFIEERT
HALTHS, TIAPAEERTLT, A/ ZALEFL

IC O-p XEEBEHTTHRVWVNEZDZCICLT:.
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IK D5 R FS2 ZEIXD RV TIHESNSHIE IK™ .= WK+ Cy B
WDNED VN, Ghiap) DREIEICHE > TWE S DY,
EIFE S5 TIFBRWVWI EHHRE Balbiani et al. IC& > TRE N,
Definition

FIK .= IK™ + wCD.
CCTwCD:=0(VY) = (Op — Oy) — Oyp).
Theorem (Balbiani et al. 2024)

FIK = V(F", Gyiap)-
Proof.
(C) 8. D) A/ ZHILETILEEZS. O
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FIK |3 IK EDE|CFFVHRIBICK D!

Proposition (Balbiani et al. 2024)
FIK C IK.

RIB wCD IZRIE FS2 Z5HTcDHDLWVZRSB.

EHICUTFHHILT B.
Proposition (Balbiani et al. 2024)
FIK ICHFRRZIZ 5 & K H'E5N 5.

Proposition (S.)
FIK ¥ ﬂotp — D—N,D.

& > T FIK [JHZFZEFRT iIFOL EXRMLABWVI EICHD.
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Balbiani 5® FIK &, EDOH/ ZAHILETILOEE=ZTTICL T,
V(IF®, Goox-p N Cia-p) DRIEBILZIFS EDTEL.
Definition
elK~ =IK™ +CD.
CCTCD:=0(VY) = (OpVvay).
Theorem (S.)
elK™ = V(H—e7 Cﬁbox_p N ngia—p)-

Proof.
ETN/ZALETLEAVT elK™ = V(' Ghoxp N Giinp) ETT .
ZLTCOp ZRBETETILCTIFN E ke B—BT B &2 ES. O
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RIB CD: O(p V) = (Op Vv DOy) IFEAS MR wCD:
O(e V) = ((Op — Oy) — ) OFR{ET, U FHTRES.
Proposition (S.)

FIK C elK—.

LHOLRIE FS2: (Op — Op) — O(p — ¢) EISEERAREE.
Proposition (S.)
elK™ CIK TH IK CelK™ THRAL.
TOMDEBEICOVTIE, it FIK EEEKICZR>TWS.
Proposition (S.)
o elK™ [CHIRRZMA B K MF5N3.
o elK™ ;¥ =0p — .
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&3 (1/2)

WK FIK IK elK™
TR Al REM IH IFh I-h I
JL—LDUZ2R 4 Cdia-p | Crs2 N Cdia-p | Chox-p N Cdia-p
Cy % B D b2 D
Ox o oI T3z T bR
=Qp — O=p At | mERL | REAV mE3 TEAHV
BT KIC | B5HEL PANZ:) PANZ:) LANE:)

FIK £ elK™ 13 Cp ZHDX WS EKT CML LIZEZHBL.

—7 ~0p — O-p BREY, &Ko TEREER

WDT, TEOEKT IML &EHEZAL.

ERTIFOL & L7
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+=A
10 off

(2/2)

o CML OEKD IML OERHFHREICTHVERIE FIK B, B &
S WK L IKORICEI > TASELSICLTHEET .

o U X O ZHHFMERELRKIC C DATHHEI S L,
IK CEEBAREER FIK DILFRTH S elK™ HF5N,
FIHRIC CML DERD IML DRMAFDHHI B,

e Simpson D 6 XTI MHPREZMA T K KME5N 31 &

MZREFERT iIFOL EXRd 31 HalFsnTUL3h,
ERRICEIE DA LHE T T4 L) non-artificial 2 HA BN 7=,

30/30



HOMESTTVELT

cannorin.net/math/mlg60.pdf



https://www.cannorin.net/math/mlg60.pdf

BE R




SEDOERIT, KEROT—ARAHXETICLTWS.

e Gisele Fischer Servi. Axiomatizations for some intuitionistic modal logics.
Rendiconti del Seminario Matematico, 42(3):179-194, 1984.

e Duminda Wijesekera. Constructive modal logics |. Annals of Pure and Applied
Logic, 50(3):271-301, 1990.

e Alex K. Simpson. The Proof Theory and Semantics of Intuitionistic Modal
Logic. PhD thesis, University of Edinburgh, 1994.

e Michael Mendler and Valeria de Paiva. Constructive CK for Contexts. Context
Representation and Reasoning, 13, 2005.

e Anupam Das and Sonia Marin. On Intuitionistic Diamonds (and Lack Thereof).
Automated Reasoning with Analytic Tableaux and Related Methods,
14278:283-301, 2023.

e Philippe Balbiani, Han Gao, Cigdem Gencer, and Nicola Olivetti. A Natural
Intuitionistic Modal Logic: Axiomatization and Bi-Nested Calculus. LIPlcs,
88:13:1-13:21, 2024.



	å辤å薸æꞘç鮸èꮖç邆 K ã膨ç鮴èꚳä뢻ç뺩èꮖç邆 Int
	Intuitionistic Modal Logic ã膨 Constructive Modal Logic
	IML ã膧ã节 CML ã膧ã节ã膪ã膄èꮖç邆
	å辂è肃æ隇ç貮

